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Arithmetic Aspects of Bianchi Groups
Mehmet Haluk S¸engu¨n
Abstract We discuss several arithmetic aspects of Bianchi groups, especially from
a computational point of view. In particular, we consider computing the homology
of Bianchi groups together with the Hecke action, connections with automorphic
forms, abelian varieties, Galois representations and the torsion in the homology of
Bianchi groups. Along the way, we list several open problems and conjectures, sur-
vey the related literature, presenting concrete examples and numerical data.
1 Introduction
Let L be an algebraic number field with ring of integers OL and signature (r,s). The
associated modular group PSL2(OL) is a discrete subgroup of the real Lie group
PSL2(R)r×PSL2(C)s and thus acts via isometries on the product spaceH r2 ×H s3 ,
whereH2,H3 denote the hyperbolic spaces of dimensions 2 and 3 respectively. Any
torsion-free finite-index subgroup Γ of PSL2(OL) acts freely and properly discon-
tinuously on H r2 ×H s3 and the quotient manifolds are locally symmetric spaces
which are important for the theory of automorphic forms, differential geometry,
number theory and representation theory.
When L is totally real (that is, s = 0), these quotient manifolds can be viewed
as the complex points of quasi-projective (complex) algebraic varieties. This allows
one to employ tools of algebraic geometry in their study and is essential for our un-
derstanding of the web of conjectures within Langlands programme that surrounds
GL2(OL). However in the case s > 0, due to the fact that H3 does not admit any
complex structure, there is no visible link to (complex) algebraic geometry.
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2 Mehmet Haluk S¸engu¨n
The simplest case beyond totally real fields is the case of imaginary quadratic
fields, that is (r,s) = (0,1). The modular groups in this case are called Bianchi
groups after Luigi Bianchi who studied their geometry as early as 1892 [20]. To
the best of our knowledge, the earliest modern considerations of Bianchi groups
go back to the 1960’s, notably to [92, 141, 151]. The investigations on Bianchi
groups related to aspects of the Langlands programme started in the 1970’s, notably
in [79, 5, 93, 68, 43]. However, up to day, most of the fundamental problems in
this area are still wide open. In the recent years, the area started receiving attention
again and has witnessed a significant amount of activity together with some exciting
progress.
In this article, we aim to discuss several prominent problems of arithmetic nature
that surround Bianchi groups together with a survey of existing literature includ-
ing recent work. In agreement with the theme of these proceedings, we will pay
attention to computational aspects of these problems, presenting numerical data and
concrete examples along the way. We hope that this survey article will contribute to
the recently rekindled interest in Bianchi groups.
In Section 2, we cover some basic aspects of Bianchi groups that are relevant to
our main discussions. In Sections 3 and 4, we discuss the cohomology of Bianchi
groups and the Hecke action on the cohomology respectively. In Section 5, we con-
sider modular forms associated to Bianchi groups. In Section 6, we talk about the
problem of understanding the size of the cohomology of Bianchi groups. We also
discuss the recent asymptotic results of Calegari-Emerton [32], Finis-Grunewald-
Tirao [59], Marshall [99] and S¸engu¨n-Tu¨rkelli [138]. In Section 7, we discuss the
adelic locally symmetic spaces that arise in the study of Bianchi groups. The sub-
ject of Section 9 is the conjectural connection between elliptic curves over imagi-
nary quadratic fields and modular forms associated to Bianchi groups. We also talk
about the case of higher dimensional abelian varieties and include a discussion of
elliptic curves with everywhere good reduction. In Section 10, we focus on the tor-
sion in the homology of Bianchi groups. We include a discussion of the asymptotic
growth of the torsion in light of the recent work of Bergeron and Venkatesh [18].
In Sections 8 and 11, we consider the (mostly) conjectural connections between
2-dimensional representations of the absolute Galois group of imaginary quadratic
fields and classes in the cohomology of Bianchi groups. In particular, in the lat-
ter section we make some speculations which relate even irreducible 2-dimensional
representations of the absolute Galois group of Q to the torsion in the cohomology
of Bianchi groups.
There are many significant arithmetic aspects that are left untouched in this sur-
vey. One of the prominent such aspects is the so called “R = T ” problem which has
been studied in [15, 16, 17]. We also excluded discussions of various L-functions
and their special values, studied notably in [170, 160, 64, 109], and finer arithmetic
properties of mod p eigenvalue systems, studied notably in [48, 139, 108].
During the final revision phase of this paper, significant developments occured.
Calegari and Geraghty made a breakthrough [33, 34] on the R = T problem using
a novel method that allows one go beyond that of Taylor-Wiles. Moreover, Calegari
and Venkatesh released the first draft of their book project [36] on the investigation
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of integral versions of aspects of the Langlands programme carried out in the setting
of GL2 over imaginary quadratic fields. Unfortunately, due to lack of time, we will
not be able to discuss the striking results and insights of [36].
1.1 Notation
Let d > 0 be a square-free integer and K =Q(
√−d)⊂C be an imaginary quadratic
field. Let D = DK be the discriminant of K/Q. We have D = −4d or D = −d if
−d ≡ 2,3 or −d ≡ 1 modulo 4 respectively. The ring of integers O = OK = Od of
K has a Z-basis {1,ω} where ω = D+
√
D
2 . The letter G will denote a Bianchi group.
The absolute Galois groups of Q and K will be denoted by GQ and GK respectively.
2 Basic Properties of Bianchi Groups
2.1 Geometric Background
Consider the hyperbolic 3-space H, that is, the unique connected, simply connected
Riemannian manifold of dimension 3 with constant sectional curvature −1. A stan-
dard model for H is the upper half space model
H= {(x,y) ∈ C×R | y > 0}
with the metric coming from the line element
ds2 =
dx21+dx
2
2+dy
2
y2
with x = x1 + ix2. Every element
(
a b
c d
)
of PSL2(C) acts on H as an orientation-
preserving isometry via the formula(
a b
c d
)
· (x,y) =
(
(ax+b)(cx+d)+ac¯y2
|cx+d|2+ |c|2y2 ,
y
|cx+d|2+ |c|2y2
)
where (x,y) ∈ H. It is well-known that every orientation-preserving isometry of
H arises this way. The group of all isometries of H is generated by PSL2(C) and
complex conjugation (x,y) 7→ (x¯,y), which is an orientation-reversing involution.
As OK is a discrete subring of C, the Bianchi group G is a discrete subgroup of
the real Lie group PSL2(C). As a result, it acts properly discontinuously on H. The
quotients YG = G\H are hyperbolic 3-orbifolds which are non-compact but of finite
volume. In fact, we have
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vol(YG) =
|DK |3/2
4pi2
·ζK(2),
with ζK being the Dedekind zeta function of K, as first proved1 in [83] by Humbert
in 1919.
It is a classical result that was first observed by Bianchi and first proved by Hur-
witz (1892) that the number of cusps of YG is equal to the class number of K. The
cross-sections of the cusps are 2-tori except when d = 1,3. In these exceptional
cases, there are units in OK other than ±1 and as a result the cross-sections of the
cusps are 2-folds with 2-sphere as the underlying manifold. The orbifold structure
of YG is pictured by Hatcher [82] for D >−100.
The action of G on H admits a fundamental domain that is bounded by finitely
many geodesic surfaces. It follows that G has a finite presentation.
2.2 Explicit Fundamental Domains
First explicit fundamental domains were computed by Bianchi [20] in 1890’s. In
the late 1960’s Swan elaborated on Bianchi’s work in [151, 152], filling in certain
gaps and further developing the theory in a way that is suitable for algorithmic pur-
poses. Detailed accounts of fundamental domains for Bianchi groups and Swan’s
work can be found in Section 7 of [52], Section 6.2.4. of [56] and [31, 4, 118]. In
the mid 1970’s Riley [123], building on Swan’s work, developed a computer pro-
gram that produced explicit fundamental domains for Kleinian groups which are
geometrically finite (that is, they admit Ford domains with finitely many faces). De-
tailed discussions of Riley’s program can be found in [56, 57]. In their recent Ph.D.
theses, Arane´s [4] and independently Rahm [118] developed freely accessible com-
puter programs that compute fundamental domains for Bianchi groups using Swan’s
methods. We include here (see Figure 1) a plotting of the fundamental domain for
the Bianchi group associated toQ(
√−39) (of class number 4) produced by Arane´s’
Sage [148] implementation. In Figure 2 we see the projection onto the y = 0 plane
of the floor of the fundamental domain, with red points marking the projections of
the singular2 cusps and points in the intersection of 3 or more hemispheres.
Another computer program to this effect was developed by Yasaki in [167] for
GL2(OK). His program uses a different approach that we will sketch later in Section
3.1. In his master’s thesis [111, 110], Page developed a computer program to com-
pute fundamental domains of arithmetically defined Kleinian groups. These groups
are defined via quaternion algebras over number fields with a unique complex place
(see [97, 52]) and Bianchi groups are among these groups.
1 Note that a gap in Humbert’s proof was filled in by Grunewald and Ku¨hnlein in [67].
2 These are the cusps that correspond to non-trivial elements of the class group.
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Fig. 1 The points lying above the blue hemispheres form a fundamental domain for the Bianchi
group associated to Q(
√−39).
Fig. 2 Projection on C×{0} of the floor of the fundamental domain in Figure 1.
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2.3 Explicit Presentations
When Od has Euclidean algorithm (this is the case exactly for d = 1,2,3,7,11),
one can algebraically find a presentation for the associated Bianchi group, see work
of Cohn [38] and Fine [55]. However, for the general case, one needs to use ge-
ometry. Once a suitable fundamental domain with an identification of the faces is
computed, one can (using, for example, [96]) derive a presentation for the Bianchi
group. Many computations of this sort can be found in the literature, for example,
see [152, 123, 3, 129, 167, 111]. By investigating the action of Bianchi groups on
certain 2-dimensional CW complexes (we will discuss these in Section 3.1), Flo¨ge
computed in [60] explicit presentations for several Bianchi groups. Many of the
presentations that exist in the literature are conveniently compiled in [59]. A pre-
sentation with only two generators for PSL2(Z[i]) is given by Brunner in [28]. The
aforementioned computer program of Page [110] also computes presentations for
arithmetic Kleinian groups from the geometric data it collects.
For the sake of illustration, we include here a presentation of the group PSL2(Z[i])
that goes back Sansone [126]:〈
a,b,c,d | a3 = b2 = c3 = d2 = (ac)2 = (ad)2 = (bc)2 = (bd)2 = 1〉 .
2.4 Group Theoretic Properties
In [58], Fine and Frohman proved that, except for d = 1,3, all Bianchi groups are
HNN extensions with amalgamated subgroup PSL2(Z). This is achieved by show-
ing that the quotient manifold associated to PSL2(Z) embeds as a non-separating in-
compressible surface in YG. Moreover, they showed that except for d = 3, all Bianchi
groups split as amalgamated free products. It is known that for d = 3, this cannot
hold3. Every Bianchi group can be described as a graph product of groups, see Brun-
ner et al. [29], Mendoza [102] and Flo¨ge [60]. In particular, in the case d = 3, we get
a triangle of groups. A detailed discussion of algebraic aspects of Bianchi groups
can be found in Fine’s book [56]. As an example, we present the following iterated
amalgamated free product structure of PSL2(Z[i]):(
S3 ?C3 A4
)
?
(C2?C3)
(
D2 ?C2 S3
)
.
Here Sn,An,Dn,Cn, represent the symmetric group on n letters, the alternating group
on n letters, the dihedral group of order 2n and the cyclic group of order n respec-
tively. Note that C2 ?C3 ' PSL2(Z).
3 In this case, Scarth exhibits in [127] a finite-index subgroup which splits as an amalgamated
product.
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In his influential 1970 paper [141], Serre proved that Bianchi groups have fi-
nite index subgroups which are not of congruence type4. Constructions of infinite
families of non-congruence subgroups for several Bianchi groups can be found in
Britto’s paper [26]. The notion of level for non-congruence subgroups was discussed
by Grunewald and Schwermer in [69]. A detailed discussion around the Congruence
Subgroup Problem for Bianchi groups can be found in [56], see also [66].
The automorphism groups of Bianchi groups were determined by Smillie and
Vogtmann in [147]. It turns out that the group of outer automorphisms is an ele-
mentary abelian 2-group given by complex conjugation, the involution arising from(−1 0
0 1
)
and the 2-part of the class group of the underlying imaginary quadratic field
K. Orientation-reversing automorphisms can be used to obtain lower bounds for the
size of the cohomology of Bianchi groups in certain situations, see [79, 125, 138, 90]
and Section 6.
3 Cohomology of Bianchi groups
The cohomology of Bianchi groups, with coefficients in finite dimensional, irre-
ducible, complex representations of the ambient real Lie group PSL2(C), is impor-
tant for number theoretical reasons that we shall discuss later. Let Γ be a finite index
subgroup of a Bianchi group G and let V be a such a representation of PSL2(C) re-
garded as a representation of Γ . Then V gives rise to a locally constant sheaf V on
the quotient 3-fold YΓ associated to Γ and it follows from the contractibility of H
that
H i(Γ ,V )' H i(YΓ ,V ).
Of course, the same is true for the homology groups.
A general construction of Borel and Serre [22] gives5 a compact 3-fold XΓ with
boundary ∂XΓ such that the interior of XΓ is homeomorphic to YΓ and the embed-
ding YΓ ↪→ XΓ is a homotopy equivalence. In particular, we have
H i(YΓ ,V )' H i(XΓ ,V )
where the sheaf V is a suitable extension of V to XΓ . Topologically, XΓ is obtained
by attaching at infinity a copy of its cross-section to the cusps of YΓ . Thus except
when d = 1,3, the boundary of XΓ is a finite disjoint union of 2-tori. For details, we
recommend Chapter 2 of the lecture notes of Harder [78].
Consider the natural restriction map
resi : H i(XΓ ,V )→ H i(∂XΓ ,V ).
4 Recall that a subgroup Γ is of congruence type if it contains the kernel of the surjection
PSL2(O)→ PSL2(O/I) for some ideal I of O .
5 In fact, the case of symmetric spaces of rank one was done first by Serre in [141], to investigate
the Congruence Subgroup Problem for Bianchi groups, and served as a prototype for the general
construction.
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It is well known that the rank of the image of res1 is half that of the codomain. More-
over, the map res2 is onto except when V is the trivial representation C, in which
case the image has corank 1. We define the cuspidal cohomology H icusp(YΓ ,V ), and
thus H icusp(Γ ,V ), as the kernel of the restriction map resi. By Poincare´ duality, see
[10], we have H1cusp(Γ ,V )' H2cusp(Γ ,V ∗).
For a ring R, let Vk(R) denote the space of homogeneous polynomials of degree
k in two variables with coefficients in R. The space Vk(R) is of rank k+1 with basis
of monomials xk,xk−1y, . . . ,xyk−1,yk admitting an action of M2(R), 2× 2 matrices
with entries in R, determined by the rule(
a b
c d
)
xk−mym = (ax+ cy)k−m(bx+dy)m
for every
(
a b
c d
) ∈M2(R). When k! is invertible in R, Vk(R) is self-dual.
The finite-dimensional, irreducible, complex representations of PSL2(C) as a
real Lie group are given by
Vk,`(C) :=Vk(C)⊗CV`(C)
with k+ ` even, where the overline on the second factor means that the action is
twisted by complex conjugation. It follows from the above paragraph that these
representations are self-dual. Results of Borel and Wallach [23, Section 3] (see also
Chapter 3 of [78]) imply that
H1cusp(Γ ,Vk,`(C)) = {0}
whenever k 6= `.
3.1 Computing The (Co)Homology
For reasons that we will explore later, it is very desirable to explicitly compute the
cuspidal (co)homology of Bianchi groups and their congruence subgroups. There
are several ways to do this but in essence they all depend on explicit geometric
information. We sketch many of them below.
• The earliest systematic homology computations were carried out by Grunewald
[68] in 1978. In the core of his approach lies the basic fact that H1(Γ ,Z) ' Γ ab
for any Γ . Given an explicit presentation of Γ , one can easily compute Γ ab. Us-
ing explicit presentations of Bianchi groups PSL2(Od) for d = 1,2,3, together
with explicit coset representatives, he computed6 explicit presentations (and thus
6 Segal records the following in [133] about these computations of Grunewald:
“Fritz’s gentle manner concealed a steely determination when it came to serious computa-
tion. He was banned for a while from using the Bielefeld University mainframe after his
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the abelianizations) of congruence subgroups of the form Γ0(p) for prime ideals p
of residue degree one and norm ≤ 1500. The original 1978 manuscript is unpub-
lished but some of the results in there were reported in the articles [65, 50, 51].
Recently the author used this technique in [137] and extended the above compu-
tations to d = 1,2,3,7,11 and to prime ideals p of residue degree one and norm
up to 100,000.
• In 1981 Cremona [43] adopted the modular symbols method, developed by
Manin (see [98, 101, 45]) for the classical modular group PSL2(Z), to study
the cuspidal part of H1(Γ ,Q) for congruence subgroups of the form Γ0(a) for
ideals a of norm ≤ 500,300,500,200,200 inside Bianchi groups PSL2(Od) for
d = 1,2,3,7,11 respectively. This technique was adapted by Cremona’s students
to other Bianchi groups, namely, by Whitley [164] to the remaining class number
one cases d = 19,43,67,163, by Bygott [31] to d = 5 (class number 2) and by
Lingham [94] to d = 23,31 (both class number 3).
Let Y ∗Γ = Γ \H∗ be the Satake compactification of YΓ = Γ \H where H∗ =
H∪ P1(K). Then the homology H1(Y ∗Γ ,Q) is isomorphic to the cuspidal part
of H1(YΓ ,Q) ' H1(Γ ,Q). It can be shown that H1(Y ∗Γ ,Q) can be generated by
translates of finitely many geodesics (which are explicitly determinable) with
both ends in P1(K) by coset representatives of Γ in G. One needs explicit geo-
metric information to compute the complete system of relations between these
generators. For details see [45, 41].
• Given any torsion-free finite index subgroup Γ of a Bianchi group G, we have
H i(Γ ,M) = 0 for every finite dimensionalΓ -module M and i> 2, in other words,
the virtual cohomological dimension of G is 2. Thus from a cohomological per-
spective, our geometric playground H is not of optimal dimension. Using reduc-
tion theory one can construct a 2-dimensional CW-complex C on which G acts
cellularly such that G\C is finite. Given such a CW -complex, one gets explicit
descriptions of all (co)homology groups in degrees 0,1,2 by feeding the stabi-
lizers of the cells and the incidence relations between the cells into the so called
equivariant (co)homology spectral sequence.
Such CW complexes were first constructed by Mendoza [102] and Flo¨ge [60] as
G-invariant deformation retracts inH, also known as spines. Mendoza considered
the groups PSL2(Od), PGL2(Od) for d = 1,2,3,7,11 while Flo¨ge worked only
with PSL2(Od) but for more cases, namely for d = 1,2,3,7,11,5,6,10. Mendoza
retracts away from the cusps whereas Flo¨ge adjoins the singular cusps to his CW-
complex. In particular, the stabilizers of the 0-cells given by these singular cusps
have infinite stabilizer groups. In such cases, the spectral sequence degenerates
on the E3-page.
program had monopolized the entire system: in order to carry out the heavy-duty computa-
tion required for this project, he had devised a routine that managed to bypass the automatic
quota checks.”
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These CW-complexes were used by Schwermer and Vogtmann [132] to compute
the integral homology of PSL2(Od) for d = 1,2,3,7,11 in all7 degrees. The ring
structure of the integral homology was computed by Berkove [19] using a sim-
ilar approach. Later Vogtmann [161] wrote a computer program to compute the
spines using Mendoza’s method and computed the rational second homology of
PSL2(Od) with discriminant D > −100. A similar computer program was writ-
ten by Scheutzow [128] who extended the computations of Vogtmann to both
PSL2(Od) and PGL2(Od) for all K with discriminant D ≥ −260 and also for
d = 643. The author used results of Mendoza for extensive computations in [137].
Rahm in his 2010 thesis [118] wrote a computer program to compute spines us-
ing the approach of Flo¨ge. This program was used by Rahm and Fuchs in [121] to
compute the integral homology in all degrees of PSL2(Od) for d = 5,6,10,13,15,
all of class number 2. Recently Rahm and the author used this program in [120]
to compute more than 4900 instances of H2(PSL2(Od),Vk,k(C)) for more than
180 values of d.
Finally, let us note that in [3], Alperin constructed such a CW complex for
PSL2(O3) using a method that is different than those of Mendoza and Flo¨ge.
• Given a finitely presented group G, one can compute its first homology and first
cohomology using the so called Fox Calculus, see [61]. The rough idea is that a 1-
cocycle f : G→M can be determined uniquely by its values on the generators. It
follows that the set of 1-cocycles can be identified with elements of Mn (here n is
the number of generators) satisfying the system of linear equations that arise from
the relators of G. This approach has been used to compute the first cohomology
of several Bianchi groups in [115, 136, 59].
• Recently Yasaki [167] developed, building on work of Gunnells [72], a computer
program which computes H1cusp(Γ0(n),C)withΓ0(n)⊂GL2(OK) that works with
any given imaginary quadratic field K. This program is now part of Magma [24].
The space of positive definite binary Hermitian forms over K forms an open cone
in a real vector space. There is a natural decomposition of this cone into poly-
hedral cones corresponding to the facets of the Voronoi polyhedron, see [72].
The top-dimensional polyhedral cones of the decomposition correspond to per-
fect forms and descend to ideal polytopes inH. In [167] Yasaki gives a method to
compute an initial perfect form, which is the necessary input for a general algo-
rithm by Gunnells [72] that classifies perfect forms under the action of GL2(OK).
Note that this is a special case of a powerful method that is able to capture the co-
homology of GLn over number fields, see [8, 75, 77]. For a very nice exposition,
see Gunnells’ lecture notes [?] in these proceedings.
• In her recent paper [159], Torrey developed a computer program to compute with
the cohomology of GL2(Z[i]) and its congruence subgroups of type Γ0 using the
Borel-Serre duality, which provides a Hecke module isomorphism H2(Γ ,V ) '
H0(Γ ,St⊗V ). Here St denotes the Steinberg module H2(Γ ,C[Γ ]), which can be
described in terms of modular symbols via Ash’s work [7].
7 Note that beyond degree two, the homology groups are exclusively torsion at the primes 2 and 3.
Their explicit structure depends on the number of conjugacy classes of the finite subgroups of the
Bianchi group, see Rahm [117].
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4 Hecke Action
The cohomology groups H i(Γ ,V ) ' H i(Γ \H,V ) come equipped with an infinite
commuting family of endomorphisms, called Hecke operators, which are crucial
for connections with number theory. These come from correspondences which arise
from elements of the commensurators of Bianchi groups.
Let Γ be a finite index subgroup of a Bianchi group PSL2(OK). Given g ∈
PGL2(K), let us consider 3-folds M,Mg,Mg associated toΓ ,Γg :=Γ ∩gΓ g−1,Γ g :=
Γ ∩ g−1Γ g respectively. We have finite coverings, induced by inclusion of funda-
mental groups,
rg : Mg→M, rg : Mg→M
and an isometry
τ : Mg→Mg
induced by the isomorphism between Γg and Γ g given by conjugation by g. The
composition sg := rg ◦τ gives us a second finite covering from Mg to M. The cover-
ings rg induce linear maps between the homology groups
r∗g : H
i(M,V )→ H i(Mg,V ).
The process of summing the finitely many preimages in Mg of a point of M under
sg leads to
s∗g : H
i(Mg,V )→ H i(M,V ).
Note that s∗g is equivalent to the composition
H i(Mg,V )→ H i(Mg,V )→ H i(M,V )
where the first arrow is induced by τ , and the second arrow is simply the core-
striction map (which corresponds to the “transfer map” of group cohomology). We
define the Hecke operator Tg associated to g ∈ PGL2(K) as the composition
Tg := s∗g ◦ r∗g : H i(M,V )→ H i(M,V ).
There is a notion of isomorphism of Hecke operators that we shall not present. It
turns out that up to isomorphism, Tg depends only on the double coset Γ gΓ .
One can define Hecke operators using the above process for homology groups
as well. It might provide insight to look at the situation from the perspective of
H2(M,Z) (which is isomorphic to compactly supported cohomology H1c (M,Z) by
duality, see [10]). If an embedded surface S⊂M represents ω ∈H2(M,Z), then the
immersed surface rg(s−1g (S)) represents Tgω ∈ H2(M,Z).
Given an element pi ∈OK , the Hecke operators Tpi ,Spi associated to pi are defined
as the Hecke operators associated to the matrices (pi 00 1) and (
pi 0
0 pi ) in GL2(K). Let
T denote the subalgebra of the endomorphism algebra of H i(Γ ,V ) that is generated
by the Hecke operators Tpi ,Spi where pi is a prime element of OK such that (pi) is
coprime to the level of Γ .
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It is well-known that the Hecke algebra T is commutative, semi-simple and stabi-
lizes the cuspidal part H icusp(Γ ,V ). The duality between H1cusp(Γ ,V ) and H2cusp(Γ ,V )
isT-equivariant, see [10]. So for number theoretic purposes, they carry the same “in-
formation”, that is, eigenvalue systems. An eigenvalue system of T with values in a
ring R is a ring homomorphism Φ : T→ R. We say that an eigenvalue system Φ oc-
curs in the RT-module A if there is a nonzero element a ∈ A such that Ta =Φ(T )a
for all T in T. For an eigenvalue system Φ that occurs in H i(Γ ,Vk,`(C)), the image
Φ(T) is not just a collection complex numbers. It follows from the isomorphism
H i(Γ ,Vk,`(C)) ' H i(Γ ,Vk,`(K))⊗K C that Φ(T) lies in an algebraic number field
L. In fact, after a simple normalization, Φ(T) lies in the ring of integers OL of L.
These eigenvalue systems are closely connected to 2-dimensional representations
of the absolute Galois group of K and to abelian varieties as we shall discuss later
on. However when considering such connections, it is necessary that the Hecke op-
erators are indexed by the ideals of OK . This amounts to having Tpi = T−pi for every
element pi ∈ OK . In order to achieve this, one needs to work with the cohomology
of PGL2(OK).
Finally let us remark that the action of Hecke operators in the case when Γ is not
a congruence subgroup has been studied by Zarghani in [169].
4.1 Computing the Hecke Action
Computing the Hecke action on the (co)homology of arithmetic groups is a highly
difficult task in general (see [74, 73, 76]). In the case of linear groups over a number
field with a Euclidean algorithm, computing the Hecke action on the top degree
cohomology boils down to a continued fraction algorithm (see [9]).
In the case of PSL2(Z), Manin shows in [98] that the first rational homology
can be generated by certain distinguished modular symbols and the Hecke action
on these distinguished symbols can be computed using the continued fractions al-
gorithm. This approach can be adapted to the case of Bianchi groups over the Eu-
clidean imaginary quadratic fields K as was done by Cremona in [43]. In [164],
Whitley developed a geometric counter-part, called the pseudo-Euclidean algo-
rithm, of the continued fractions algorithm that also works in the cases where K
no longer has Euclidean algorithm. The algorithm finds a matrix that sends a given
cusp either to the cusp ∞ or to the “singular” point in its orbit using the geometry
of the Bianchi group (a suitable fundamental domain with the list of hemi-spheres
covering its floor should be pre-computed (see [4, p.87]). The method was further
worked on by Bygott in [31] and used in [31, 94].
In practice, when one works with modular symbols, it is more convenient to
employ the so-called Manin symbols (see [45, Section 2.2]). In the case of PSL2(Z),
the action of Hecke operators on Manin symbols was described by Merel [103], see
also Zagier [168]. In his 2011 Ph.D. thesis [107], Mohamed described the action
of Hecke operators on Manin symbols in the setting of Bianchi groups associated
to imaginary quadratic fields of class number one. Mohamed’s description allows
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one to compute Hecke operators on the second cohomology of Bianchi groups as
well since the previously discussed method of computing the second cohomology
via spines boils down to computing certain co-invariants, which can be interpreted
as Manin symbols, see [107, 106]. Indeed, this was the method that we used to
compute with Hecke operators in the numerical examples of Section 11.1.
Let us finally note that the above mentioned process of using continued fractions
algorithm to compute Hecke operators is equivalent to writing a given element as
a word in a certain set of generators of the group in the cases of PSL2(Z) and the
Bianchi groups associated to the Euclidean imaginary quadratic fields, see [116,
Section 9] and [140].
5 Bianchi Modular Forms and Cohomology
Just as the cohomology of the classical modular group PSL2(Z) is central to the
theory of elliptic modular forms, the cohomology of Bianchi groups is central to the
study of Bianchi modular forms, that is, modular forms over imaginary quadratic
fields. These are vector valued real analytic functions on H with certain transfor-
mation properties satisfying certain differential equations and growth properties.
Detailed discussions can be found in Kubota [92], Friedberg [62, 63] and Bygott
[31]. Let us give here a quick definition for the case of weight 2 from the perspec-
tive of vector valued harmonic differential 1-forms. Note that in the cases of weights
0 and 1, the automorphic forms are not cohomological, that is, are not captured in
the cohomology of Bianchi groups.
Given γ = (a bc d ) ∈ PSL2(C) and z = (x,y) ∈ H, let us introduce the multiplier
system
J(γ,z) :=
(
cx+d −cy
c¯y cx+d
)
Given a function F :H→ Ck+1 and γ ∈ PSL2(C), we define the slash operator
(F |kγ)(z) := σ k(J(γ,z)−1)F(γz)
where σ k is the symmetric kth power of the standard representation of PSL2(C) on
C2.
In the case k = 2, we have F :H→ C3 and
(F |kγ)(z) = 1|r|2+ |s|2
 r¯2 2r¯s s2−r¯s¯ |r|2−|s|2 rs
s¯2 −2rs¯ r2
F(γz)
where γ = (a bc d ) and r = cx+d and s = cy.
The 1-forms β1 :=− dxy ,β2 := dyy ,β3 := dx¯y form a basis of differential 1-forms on
H. A differential form ω is harmonic if ∆ω = 0 where ∆ = d ◦δ +δ ◦d is the usual
Laplacian with d being the exterior derivative and δ the codifferential operator. Then
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PSL2(C) acts on the space of differential 1-forms as
γ · t(β1,β2,β3)(z) = σ2(J(γ,z))t(β1,β2,β3)(z).
A weight 2 cuspidal Bianchi modular form for a congruence subgroup Γ ⊂
PSL2(OK) is a real analytic function F = (F1,F2,F3) : H→ C3 with the following
properties.
1. F1β1+F2β2+F3β3 is a harmonic differential 1-form on H that is Γ -invariant,
2.
∫
C/OK (F |γ)(x,y)dx = 0 for every γ ∈ PSL2(OK).
The last condition is equivalent to saying that the constant coefficient in the Fourier-
Bessel expansion of F |γ is equal to zero for every γ ∈ PSL2(OK). Let us explain
this. As Γ is non-cocompact, it contains parabolic elements. The Γ -invariance of
F , which is implicit in condition (1), implies that F is a periodic function in the
x = (x1,x2)-variable. It follows that F has a Fourier-Bessel expansion of the form
F(x,y) = ∑
06=α∈OK
c(α)y2K
(
4pi|α|y√|4|
)
ψ
(
αx√|4|
)
where
ψ(x) = e2pi(x+x¯)
and
K(y) =
(
− i
2
K1(y),K0(y),
i
2
K1(y)
)
with K0,K1 are the hyperbolic Bessel functions satisfying the differential equation
dK j
dy2
+
1
y
dK j
dy
−
(
1+
1
y2 j
)
K j = 0, j = 0,1
and decreases rapidly at infinity.
The space of weight k cuspidal modular forms for a fixedΓ is a finite dimensional
complex vector space which we will denote with Sk(Γ ). This space comes equipped
with an infinite commuting family of endomorphisms called Hecke operators, in-
dexed by elements of OK . The generalized Eichler-Shimura Isomorphism8, as
studied by Harder in [79, 80], provides us with an explicit Hecke module isomor-
phism
H1cusp(Γ ,Vk,k(C))' Sk+2(Γ ).
See also Kurcˇanov [93] for the case of k = 0.
8 This is also known as the Eichler-Shimura-Harder Isomorphism. However Prof.Harder advised
us not to use this name.
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6 The Dimension Problem
Understanding the behaviour of the dimension of cohomology of congruence sub-
groups of Bianchi groups is an old open problem. Up to now, we do not have any
sort of closed formula for the dimension.
It was observed by Swan [151, 152] for several values of d that the dimension of
H1cusp(PSL2(Od),C) is 0. Mennicke showed (see the end of [152]) that this was not
true in general; he computed that the dimension of H1cusp(PSL2(O10),C) is 1.
Zimmert in his 1971 Diplomarbeit [171] showed, via topological means, that
there is a set Z(K), today known as the Zimmert Set, associated to every imaginary
quadratic field K such that
#Z(K)≤ dimH1cusp(PSL2(OK),C).
Grunewald and Schwermer [70] modified the purely topological method of Zimmert
and proved that
dimH1cusp(PSL2(OK),C)→ ∞
as the discriminant of K grows. Using the same method, they also proved in [71] that
every finite index subgroup of a Bianchi group PSL2(O) has finite index (torsion-
free) subgroups with arbitrarily large cuspidal cohomology.
In 1984 Rohlfs showed in [125], using an idea that goes back to Harder [79], that
1
24
ϕ(d)− 1
4
− h(d)
2
≤ dimH1cusp(PSL2(Od),C)
where ϕ(d) is the Euler ϕ-function and h(d) is the class number ofOd (see [131] for
a nice exposition of Rohlfs’ method). Using this estimate together with the results
of Grunewald and Schwermer, he gave a finite set S such that if the dimension
of H1cusp(PSL2(Od),C) is 0 then d ∈ S. Kra¨mer [91] and independently Vogtmann
[161] proved later that dimH1cusp(Y,C) = 0 only for
d ∈ {1,2,3,5,6,7,11,15,19,23,31,39,47,71}.
In fact Kra¨mer produced a lower bound for H1cusp(PSL2(Od),C) that is sharper
than that of Rohlfs. Methods of Rohlfs and Kra¨mer were developed further by
Blume-Nienhaus in [21] where he computed lower bounds H1cusp(Γ ,C) for groups
Γ of elements of norm one in maximal orders in M2(K) (see Section 7 for these
orders).
When we consider congruence subgroups of the form Γ0(p) with prime p of
residue degree one, we see an interesting picture. Extensive data collected by the
author in [137] show that roughly speaking 90% of the time, H1cusp(Γ0(p),C) van-
ishes. However, the ideals p for which the cuspidal cohomology does not vanish
seem to have a uniform distribution. We make the following conjecture which is,
as we shall discuss in Section 9, is related to the existence of abelian varieties over
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imaginary quadratic fields with special types of endomorphism rings and restricted
ramification properties.
Conjecture 1. For every K, there are infinitely many prime ideals p of residue
degree one in OK such that
H1cusp(Γ0(p),C) 6= 0.
At this point a natural question arises.
Question 1. Is there any criterion that allows one to pre-determine for a given
prime ideal p of residue degree one, whether
H1cusp(Γ0(p),C) 6= 0 ?
Let us now fix the level and consider higher weights. Let H1bc(PSL2(OK),Vk,k(C))
denote the subspace of H1cusp(PSL2(OK),Vk,k(C)) that consists of classes which cor-
respond to cuspidal Bianchi modular forms arising from elliptic modular forms via
base change (and their twists) or correspond to cuspidal Bianchi modular forms aris-
ing from quadratic characters associated with certain quadratic extensions L/K (see
[59] for details). Numerical data, collected in [35, 59] and remarkably extended in
[120], show that generically this distinguished subspace exhausts all of the cuspidal
cohomology.
Accordingly, we include here the next question which was posed in [59].
Question 2. For a fixed K, are there only finitely many weights k such that
H1bc(PSL2(OK),Vk,k(C)) 6= H1cusp(PSL2(OK),Vk,k(C)) ?
Note that a formula for the dimension of H1bc(PSL2(OK),Vk,k(C)) is computed in
[59].
6.1 Asymptotic Behaviour
Recently there has been progress in understanding the asymptotic behaviour of the
dimension. Let us start with results in the “vertical” direction. Calegari and Emerton
Arithmetic Aspects of Bianchi Groups 17
considered in [32] how the size of the cohomology, with a fixed coefficient module,
varied in a tower of arithmetic groups. Their general result when applied to our
situation gives the following. Let Γ (pn) denote the principal congruence subgroup
of level pn of a Bianchi group PSL2(O) where p is an unramified prime ideal of O .
Fix V (C). If the residue degree of p is one, then
dimH1(Γ (pn),V (C)) p2n,
and if the residue degree of p is two, then
dimH1(Γ (pn),V (C)) p5n
as n increases. Note that the trivial upper bounds, which are given by the index of
Γ (pn) in the ambient Bianchi group, are p3n and p6n respectively. It is natural to look
at these asymptotics from the perspective of the volume which is a topological in-
variant in our setting. Observe that the volume of YΓ (pn) is given by a constant times
the index of Γ (pn) in the Bianchi group. Thus asymptotically, the trivial asymptotic
upper bound for the above cohomology groups is linear in the volume and the above
upper bounds of Calegari and Emerton can be interpreted as sublinear.
For the “horizontal direction”, let Γ be a congruence subgroup of a Bianchi
group. Finis, Grunewald and Tirao showed in [59] that
k dimH1cusp(Γ ,Vk,k(C))
k2
logk
as k increases. The inequality on the left is proven only for the case Γ = PSL2(O).
We note that the trivial asymptotic upper bound, which is given by the dimension
of Vk,k(C), is k2. A recent result of Marshall in [99], which uses ideas of Calegari
and Emerton mentioned above, when applied to our situation, improves the upper
bound by a power:
dimH1cusp(Γ ,Vk,k(C))ε k5/3+ε
as k increases.
Building on [124] and [21], Tu¨rkelli and the author derived, in [138], explicit
lower bounds which give the following asymptotics. Let p be a rational prime that
is unramified in K and let Γ (pn) denote the principal congruence subgroup of level
(pn) of a Bianchi group PSL2(O). Then
k dimH1cusp(Γ (pn),Vk,k(C))
as k increases and n is fixed. Assume further that K is of class number one and that
p is inert in K. Then
p3n dimH1cusp(Γ (pn),C)
as n increases.
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7 The Adelic Approach
We have seen that there is an infinite collection of commuting linear operators,
called Hecke operators, acting on the cohomology of Bianchi groups. In particu-
lar, when we work with PGL2(OK), the Hecke operators are associated to principal
ideals of OK . From an arithmetic point of view, this does not fully reflect the com-
plexity of the base field K as the principal ideals only correpsond to the identity
element of the class group CK of K. In this section we discuss the adelic approach
for GL2 which succeeds in assigning a Hecke operator to every ideal of OK .
To this end, for a given non-zero ideal b of OK , let us introduce
M(OK ,b) :=
{(
a b
c d
) ∈M2(K) | a,d ∈ OK , b ∈ b−1, c ∈ b}
where M2(K) is the quaternion algebra of 2× 2 matrices with entries in K. It is
well-known that M(OK ,b) are maximal orders in M2(K) and every maximal order
of M2(K) is conjugate to an M(OK ,b) by some element in GL2(K). Moreover, the
orders M(OK ,a) and M(OK ,b) are conjugate to each other if and only if a and b
represent the same class in CK/C 2K .
The groups
GL2(OK ,b) := GL1(M(OK ,b))
are arithmetic subgroups of GL2(C), commensurable with GL2(OK ,OK), which is
simply GL2(OK).
Let A,A f denote the rings of adeles and of finite adeles of K and ÔK denote the
profinite completion of OK . For an open subgroup K of GL2(ÔK), we form the
adelic locally symmetric space
YA(K ) := GL2(K)\
(
GL2(A f )/K
)×H.
It follows from the strong approximation theorem that the adelic space YA(K ) is
the disjoint union of arithmetic hyperbolic 3-folds. More precisely, assume that the
determinant map K → ÔK∗ is surjective. Then we can choose ideals b1, . . . ,bh
representing the elements of CK with b1 = OK such that
YA(K ) =
⊔
Γj\H
where Γj = GL2(OK ,b j)∩K for j = 1, . . . ,h. It is interesting to note that the arith-
metic groups Γj are all congruence subgroups. The adelic construction does not
“see” the non-congruence arithmetic subgroups of GL2(K), see, for example, [105,
Prop.4.1].
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7.1 Adelic Hecke Action
Let us now see how we can construct a Hecke operator for every ideal of OK . For
our purposes, it suffices to work with the level groupK =K1(n) given by{(
a b
c d
) ∈ GL2(ÔK) | c,d−1 ∈ nÔK}
for some fixed ideal n of OK . Notice that GL2(OK)∩K1(n) is the standard congru-
ence subgroup Γ1(n). Now fix a prime ideal p that does not divide n. Let ϖp denote
a uniformizer of the completion Kp of K at p. Then the matrices
(
ϖp 0
0 1
)
,
(
ϖp 0
0 ϖp
)
give rise to Hecke operators Tp,Sp associated to the prime ideal p acting on
H i(YA(K ),V ) as was done in Section 4 (see [156] for details). These Hecke op-
erators satisfy nice multiplicative properties which allow one to associate a Hecke
operator to any ideal that is coprime n. The Hecke algebra T1(n) and the eigenvalue
systems on it are defined just as in Section 4.
It follows from the above that the cohomology of the adelic space decomposes
as
H i(YA(K ),V ) =
h⊕
j=1
H i(Γj\H,V ).
A closer inspection shows that Hecke operators Tp do not, in general, stabilize the
cohomology groups of the connected components Γj\H of YA(K ). In fact, Tp sta-
bilizes these cohomology groups if and only if p is a principal ideal. This is why
we were able to define Hecke operators associated to only principal ideals on the
cohomology of Bianchi groups in Section 4. Nevertheless, an eigenvalue system on
T1(n) can be completely recovered from its restriction to the subalgebraT generated
by the Hecke operators associated to principal prime ideals of OK , see [31, 94, 42]
and also [150]). In fact two eigenvalue systems have the same restriction to the sub-
algebra T if and only if one is the twist of the other by a character of CK . This
fact is very convenient for computational purposes as it allows us to just work with
the cohomology of the congruence subgroup Γ1(n) of GL2(OK) even when K has
non-trivial class group.
7.2 Adelic Bianchi Modular Forms
A cuspidal adelic Bianchi modular form F of levelK and weight k+2 is a vector-
valued function on GL2(A) with several special properties that we shall not spell
out here. However, in accordance with the decomposition of the adelic space into
connected components, F can be identified with an h-tuple ( f1, . . . , fh) where each
f j is a vector valued real analytic function defined on H with nice transformation
properties, dictated by the weight, under the action of Γj and with controlled growth
towards the cusps. In particular, f1 is a cuspidal Bianchi modular form of level
20 Mehmet Haluk S¸engu¨n
Γ1 and weight k+ 2 as we described in Section 5. Detailed discussions of adelic
Bianchi modular forms and their identifications with (tuples of) non-adelic ones can
be found in Bygott [31] and Ghate [64]. Adelic Bianchi modular forms can also be
studied from the perspective of automorphic representations. Detailed discussions
within this setting can be found in Harder [80], Urban [160] and Berger [12, 13].
From now on, when we talk about a Bianchi modular form, we shall mean an
adelic one for GL2(A), unless stated otherwise.
8 Connections with Galois Representations I
Results of Harris-Soudry-Taylor [81], Taylor [155] and Berger-Harcos [14] show
that Bianchi newforms with Galois stable Nebentypus have associated 2-dimensional
irreducible p-adic Galois representations. More precisely, let f be a Bianchi new-
form9 of level K0(n)10 with Nebentypus χ over an imaginary quadratic field K. It
is essential for the techniques of Taylor et al. that we assume that χ = χc where c
is the non-trivial automorphism of K. Let p be a prime that is unramified in K such
that (p) is coprime to N. Then there is an irreducible continuous representation
ρ f ,p : GK −→ GL2(Qp)
of the absolute Galois group GK of K such that the associated L-functions agree,
that is,
L( f ,s) =∗ L(ρ f ,p,s)
where =∗ means that the local Euler factors away from (p)(DK)nnc agree. See [81,
Theorem A] and [47, Section 3] for details. Local properties of the above ρ f ,p have
been further investigated by Jorza in [86].
Due to the nature of the proof of the above statement, we do not know whether
these p-adic representations arise, as expected, from the eta´le cohomology of some
complex algebraic variety. Constructing such varieties is one of the biggest chal-
lenges in the theory. Perhaps, the first step in attacking this problem should be to
consider, as we shall do in the next section, the case of weight 2 Bianchi modular
forms and elliptic curves over imaginary quadratic fields.
9 The term newform is used, both in elliptic and Bianchi setting, in its usual sense, that is, cuspidal,
primitive and new eigenform.
10 The group K0(n) is defined as
{(
a b
c d
) ∈ GL2(ÔK) | c ∈ nÔK}. Notice that GL2(OK)∩K0(n)
is the standard congruence subgroup Γ0(n).
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9 Connections with Elliptic Curves
Work of Shimura [146], Wiles [165], Taylor-Wiles [157] and Breuil-Conrad-Diamond-
Taylor [25] provide us with a celebrated bijection, via the associated L-functions,
between isogeny classes of elliptic curves over Q of fixed conductor N and elliptic
newforms for Γ0(N)≤ SL2(Z) of weight 2 with rational eigenvalues. In this section,
we will discuss the conjectural analogous bijection, again defined via the associated
L-functions, over imaginary quadratic fields.
Perhaps the first time such a connection over imaginary quadratic fields was men-
tioned is 1970. In his article [141], which appeared very soon after Weil’s influential
paper [162], Serre defines Hecke operators on the first homology of a Bianchi group
Γ and makes the following remark, see [141, p.613];
“Pour certains sous-groupes Γ , les re´sultats re´cents de Weil laissent penser que les valeurs
propres en question sont e´troitement lie´es aux proprie´te´s arithme´tiques des courbes ellip-
tiques de´finies sur K; il serait tre´s inte´ressant d’en avoir des exemples explicites.”
The first investigations in this direction were done by Grunewald and Mennicke
[68] in 1978. They tabulated all elliptic curves of prime conductor with norm≤ 1000
and all Bianchi newforms for Γ0(p) of weight 2 of prime level p with norm ≤ 1000
over imaginary quadratic fields with d = 1,2,3. In 1981, Cremona [43] investi-
gated this phenomenon more extensively working over fields with d = 1,2,3,7,11
and considering all elliptic curves of conductor ≤ 500,300,500,200,200 over these
fields respectively. Cremona’s students extended his methods to several higher class
number fields in [164, 31, 94].
The data collected in all the above works strongly support the existence of such
a bijection, however with certain natural modifications. If E is an elliptic curve over
K with CM by an order in OK , then E cannot be modular by a Bianchi newform,
instead it corresponds to an Eisenstein series, see [50]. It was observed in [50, 43]
that for certain Bianchi newforms F of weight 2 and rational Hecke eigenvalues,
there was no elliptic curve E over K which is modular by F . As first observed by
Deligne (see [50] p.267) and studied in detail by Cremona in [44], in such situations,
it is expected that there is a fake elliptic curve that is modular by f , in other words,
there is an abelian surface A over Q such that K ' EndQ(A) and EndK(A) is a
division algebra. Such surfaces are modular by elliptic newforms f with extra twist,
see Cremona [44, Theorem 5]. Hence our original Bianchi newform F is a twist by
a quadratic character of GK of the base-change of f to K.
Keeping the above in mind, we end up with the following conjectures, see [50,
44, 47]. For general number fields, see Taylor [156].
Conjecture 2. Let K be an imaginary quadratic field.
1. Let F be a Bianchi newform of level K0(n) and weight 2 over K with
rational eigenvalues. Assume that F is not a twist by a quadratic character
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of GK of the base-change to K of an elliptic newform. Then there is an
elliptic curve over K of conductor a which is modular by F .
2. Let E be an elliptic curve over K of conductor a which does not have CM
by an order in K. Then E is modular by some Bianchi newform F of level
K0(n) and weight 2 over K.
Given a Bianchi newform F over K as above and an elliptic curve over K which,
by virtue of numerical evidence, seems modular by F , it is in fact possible to prove
that this is so via the so called Faltings-Serre method, see [142]. This is a method
that allows one to decide, from a comparison of finitely many Euler factors of the
associated L-functions, whether two given semisimple continuous representations
of GK into GL2(Qp) are isomorphic or not. Hence, to be able to use this method for
our purpose, the existence of Galois representations associated to Bianchi newforms
is essential (this was discussed in the previous section). The first application of this
method in our setting was carried out by Taylor at the end of [155] where it was
shown, using data provided by Cremona, that the elliptic curve over Q(
√−3) given
by
y2+ xy = x3+
3+
√−3
2
x2+
1+
√−3
2
x
is modular. This is a non-CM elliptic curve of conductor
(
17+
√−3
2
)
, with norm
73, and is not isogenous to a curve that is defined over Q. Recently, Dieulefait,
Guerberoff and Pacetti developed [47] an algorithm, based on the Faltings-Serre
method, that outputs a finite set S of rational primes such that a comparison of the
Euler factors indexed by the prime ideals over S allows one to decide whether a
given elliptic curve over an imaginary quadratic field K is modular or not by a given
Bianchi newform of weight 2 over K. See [47] for more examples of modular elliptic
curves over imaginary quadratic fields. Detailed discussions of the Faltings-Serre
method can be found in [95, 37, 130].
One of the most fundamental problems in the arithmetic theory of Bianchi groups
is the construction of the elliptic curves that are conjectured to be associated to
Bianchi newforms as above.
Question 3. Given a Bianchi newform as in Conjecture 9, how can we geo-
metrically construct the conjecturally associated elliptic curve ?
The principal obstruction to imitating Shimura’s classical geometric method is
the fact that the hyperbolic 3-folds Y associated to Bianchi groups and their congru-
ence subgroups lack complex structure and thus one does not have any (complex)
algebraic variety structure on Y . In [50], Elstrodt, Grunewald and Mennicke tried,
however unsuccessfully, to obtain these elliptic curves from surfaces embedded in Y .
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The periods attached to a Bianchi newform of weight 2 with rational Hecke eigen-
values are all real and they form a one-dimensional lattice in R (see [93]). This
makes the well-known methods of constructing the elliptic curve from its period
lattice unsuccessful.
Elliptic Curves Over Imaginary Quadratic Fields Elliptic curves over imaginary
quadratic fields K with restricted ramification properties have been studied by sev-
eral authors, see [40, 39, 84, 85, 88, 112, 113, 114, 144, 145, 149]. Note that it is
possible to list algorithmically all elliptic curves with prescribed ramification over a
number field, see [46, 158]. Especially interesting is the case of elliptic curves over
K with good reduction everywhere. It was shown by Stroeker [149] that such curves
cannot have globally minimal models. Combined with an earlier result of Setzer
[144], one concludes that imaginary quadratic fields whose class numbers are prime
to 6 do not admit elliptic curves with good reduction everywhere. For a comprehen-
sive list of imaginary quadratic fields which are known not to admit elliptic curves
of good reduction everywhere, see the 2011 Ph.D. thesis of Thongjunthug [158].
It is a fact that goes back to Tate [153], see also [149], that there are infinitely
many imaginary quadratic fields which admit elliptic curves with good reduction ev-
erywhere. In his 1984 Ph.D. thesis [91], Kra¨mer proved that there are only eight such
imaginary quadratic fields K which have odd class number (see Table 1). Kra¨mer
also proved that the smallest, with respect to the absolute value of the discriminant,
imaginary quadratic field which admits an elliptic curve with good reduction every-
where is Q(
√−259) (of class number 4). By Setzer [144], we know that the next
smallest is Q(
√−65) (of class number 8). In [128], Scheutzow computed the di-
mensions of spaces of cuspidal Bianchi newforms of weight 2 and level one over
K with discriminant ≥−260. The data he collected, together with Kra¨mer’s results,
lend strong support to Conjecture above.
d a ∈Q(ω)
643 (1/2)(63+ω)
1879 135+2ω
10691 (1/2)(55+ω)
127285811 (1/2)(−8441+ω)
218017403 (1/2)(13427+ω)
349633643 (1/2)(21867+ω)
443038171 (1/2)(32355+ω)
451767203 (1/2)(−35297+ω)
ω =
√−d
j = j(E) = a2 +1728
E : y2 = x3−27 j3 x+54a j4
Table 1 All the odd class number imaginary quadratic fields which admit elliptic curves with
everywhere good reduction. The unique, up to isomorphism, such elliptic curve is also described.
It is a good place to bring to the attention of the reader a perhaps subtle issue.
An elliptic curve E over an imaginary quadratic field K which has good reduction
everywhere cannot be defined over Q, see [91, 89]. However, the conjecturally as-
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sociated Bianchi newform of weight 2 can be a lift of an elliptic newform of weight
2. Let us illustrate this through an explicit example. It is well-known that there is
an abelian surface A over Q of conductor 372 with EndQ(A) ' Q(i). This surface
is associated to a pair of Galois conjugate elliptic newforms of weight 2 for Γ0(37)
with Nebentypus χ37, the quadratic character given by the field Q(
√
37). These two
elliptic newforms lift to the unique level one weight 2 Bianchi newform F over
K = Q(
√−259). The base change of the surface A to K splits into two isomorphic
elliptic curves with good reduction everywhere defined over K. These elliptic curves
are modular by F .
Higher Dimensional Abelian Varieties The above conjectural picture naturally
extends to abelian varieties over K with special types of endomorphism rings. An
abelian variety A of dimension n over a number field is said to be of GL(2)-type
if there is a number field L of degree n such that EndK(A) ' L. In this case, the
action of the absolute Galois group GK of K on the Tate modules of A breaks into 2-
dimensional representations. This leads to a notion of modularity, defined similarly
by stating that the L-function of the abelian variety is given by the L-function of
newform of weight 2 and its Galois conjugates. See Ribet [122] for details. It is a fact
that every abelian variety A over Q that is of GL(2)-type is modular. This follows
from (see [122, Theorem 4.4.]) the celebrated Serre’s Modularity Conjecture [143]
which was recently proven by Khare and Wintenberger, see [87]. It is expected that
abelian varities of GL(2)-type over any number field should be modular, see Taylor
[156].
Compared to elliptic curves, higher dimensional abelian varieties of GL(2)-type
are much harder to produce. There are several families of abelian surfaces (described
via the Weierstrass equation of the defining hyperelliptic curve) with prescribed real
multiplication in the literature, see Mestre [104], Brumer [27] (contains Mestre’s
family), Bending [11] for multiplication by
√
2 and Wilson [166] for multiplication
by
√
5. The general problem with using the above families is that during the process
of specialization to a number field K, one cannot control the ramification locus of
the resulting abelian surface over K. Recently Elkies and Kumar [49] developed an
algorithmic method that produces a universal family of abelian surfaces (described
via the Igusa-Clebsch invariants) with any prescribed real multiplication.
A couple of years ago, A.Brumer and the author found several examples of
abelian surfaces with real multiplication over imaginary quadratic fields which nu-
merically seemed modular. Let us present one such example here. Let C be the
hyperelliptic curve of genus 2 given by
y2 = x6+(8+2i)x5+(25+10i)x4+(40+14i)x3+36x2+(14−10i)x+(1−4i)
over Q(i). Then the Jacobian A = Jac(C ) of C is an abelian surface with multi-
plication by
√
5 whose conductor is N2 where N = (22+ 15i). There is a pair of
Galois conjugate Hecke eigenclasses f , f σ ∈H1cusp(Γ0(N),C) with coefficient fields
Q(
√
5) for which our data suggest that
L(A,s) = L( f ,s)×L( f σ ,s).
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10 The Torsion Phenomenon
It is well-known that the p-torsion elements of an infinite group Γ give rise to
p-torsion classes in the (co)homology of Γ . For some groups Γ , one observes p-
torsion in the (co)homology even whenΓ has no p-torsion. Such torsion was labeled
“strange torsion” by Weintraub in [163]. We will use our own terminology.
Let Γ be a finite index subgroup of a Bianchi group PSL2(O). For p 6= 2,3, a p-
torsion class in H i(Γ ,Vk,`(O)) or Hi(Γ ,Vk,`(O)) is called large11 if p > max{k, `}.
Existence of large torsion in the (co)homology raises interesting number theoretical
questions as we shall discuss later.
Large torsion was first observed by Grunewald in [51] where he computed that
for many small level congruence subgroups Γ of Bianchi groups PSL2(Od) with
d = 1,2,3, the abelian group H1(Γ ,Z) ' Γ ab has p-torsion with p > 3. Note that
Bianchi groups have only 2 and 3 torsion. Taylor in his 1988 Ph.D. thesis [154],
for principal congruence subgroups Γ with large enough p-power level, showed the
existence of p-torsion in H1(Γ ,Vk,`(O)) for k 6= `. In 2000, Priplata [115] found
examples of torsion in H1(PSL2(Od),Vk,`(Od)) for d = 1,2,3 and small k 6= `. Re-
cently the author extended these computations in [137] to H1(Γ ,Z) for very large
level congruence subgroups Γ and to parallel weights H2(PGL2(Od),Vk,k(Od)) for
d = 1,2,3,7,11. Data showed that the p-torsion gets to astronomical sizes. We give
a modest sample in Tables 2 and 3, see [137, 119] for more.
k p
24 2, 3, 5, 7, 11, 13, 17, 23, 1033
25 2, 3, 5, 7, 11, 17
26 2, 3, 5, 7, 11, 13, 19, 23, 157, 683
27 2, 3, 5, 7
28 2, 3, 5, 7, 11, 13, 17, 664197637
29 2, 3, 5, 7, 11, 13, 89
30 2, 3, 5, 7, 11, 13, 19, 23, 29, 211, 36312691
Table 2 All the p-torsion in H2(PGL2(Z[i]),Ek,k(Z[i])). The ones in bold are large torsion.
Recent works of Bergeron-Venkatesh [18] and Marshall-Mu¨ller [100] brought a
very interesting perspective to the large torsion phenomenon. In [18], Bergeron and
Venkatesh studied the growth of torsion in the homology of cocompact arithmetic
groups. Their strongest result is in the case where the ambient Lie group is PSL2(C).
Let Γ be a cocompact arithmetic lattice in PSL2(C). Let R be the ring obtained from
the ring of integers of the invariant trace field of Γ by inverting the minimal set of of
prime ideals which ensures that Γ ⊂ PSL2(R). For a pair of non-negative integers k
and ` define
ck,` :=
1
6pi
· 1
23
·
(
(k+ `+2)3−|k− `|3+3(k+ `+2)(k− `)(k+ `+2−|k− `|)
)
.
11 Note that if p ≤ max{k, `}, then Vk,`(O/(p)) is a reducible PSL2(O/(p))-module and its coin-
variants typically give rise to p-torsion in the homology.
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Np p
4909 7, 13, 409, 10691, 22871, 29423, 56980673, 71143433 ]
4933 37, 101, 137, 577, 947, 21169, 194981 ]
4937 7, 37, 617, 10859, 108893, 4408530403, 157824962047 ]
4957 7, 13, 31, 59, 14347, 3051863, 9405667, 23132267 ]
4969 23, 71, 373, 191299, 39861006443, 8672729371087 ]
4973 11, 13, 47, 71, 113, 127, 331, 6317, 7949, 39023, 628801, 2995319 ]
4993 5, 7, 11, 13, 101, 173, 798569, 5995036891, 18513420749 ]
Table 3 Some of the large p-torsion in H1(Γ0(p),Z) for Γ0(p)⊂ PSL2(Z[i])
Note that c0,0 = 16pi .
Let {Γn}n≥1 be a decreasing tower of congruence subgroups of Γ such that⋂
nΓn = {1}. Then for k 6= `, Bergeron and Venkatesh prove that
lim
n→∞
log |H1(Γn,Vk,`(R))tor|
vol(Γn\H) = ck,`.
As they are not cocompact, Bianchi groups and their congruence subgroups are
outside the scope of the above result. Moreover, the above result only considers
acyclic modules, that is, Vk,` with k 6= `. As we have discussed above, from a number
theoretical perspective, the modules Vk,k are more interesting. In [137], the author
collected numerical data which strongly suggest that the above result of Bergeron
and Venkatesh extend to non-cocompact arithmetic lattices in PSL2(C), to non-
acyclic modules and to collections of congruence subgroups which satisfy weaker
conditions (see [1, 2] for such a condition) as well. In particular, we have the fol-
lowing.
Conjecture 3. Consider congruence subgroups of the form Γ0(p) inside a fixed
Bianchi group. Then
lim
Np→∞
log |H1(Γ0(p),Z)tor|
vol(Γ0(p)\H) =
1
6pi
where the limit is taken over prime ideals p of residue degree one.
For a more general conjecture, see Section 10 of the recent paper [2] by Abert et
al.
Arithmetic Aspects of Bianchi Groups 27
11 Connections with Galois Representations II
In this section we will discuss connections between eigensystems occuring in the
mod p homology of congruence subgroups Γ of Bianchi groups PGL2(OK) and
continuous representations of the absolute Galois group GK of K into GL2(Fp).
This connection is in the sense of Serre [143] and Ash [6].
Fix a prime ideal of OK over the rational prime p with residue field κ . Let us
analyze the following diagram
H2(Γ ,Vk,`(OK))
⊗C //
⊗κ

H2(Γ ,Vk,`(C))
H2(Γ ,Vk,`(Fp))
from the perspective of the Hecke action. It is well-known that the image of the
integral cohomology inside the complex cohomology forms a basis and thus all
the arithmetic information that the complex cohomology carries is captured by the
torsion-free part of the integral cohomology. On the other hand, for large p, the
arithmetic information captured by the mod p cohomology lifts to the integral co-
homology (see [10, 137]). The critical issue is that due to the existence of possible
large p-torsion in the integral cohomology, there may be eigenvalue systems in the
mod p cohomology which are not reductions of eigenvalue systems captured in the
complex cohomology and therefore they are not, a priori, related to automorphic
forms. Yet it is believed that such mod p eigenvalue systems have associated 2-
dimensional mod p Galois representations as well, see Ash [6]. Conversely, a natural
generalization of Serre’s (weak) modularity conjecture predicts that any continuous
semi-simple representation GK → GL2(Fp) should be associated to a mod p eigen-
value system. Note that the “odd/even” distinction that exists for representations of
GQ does not exist for representations of GK .
The first numerical examples related to the above were found by Grunewald
in [51] where the data collected suggested that several representations GQ(i) →
GL2(F2) were associated to eigenvalue systems in the first homology of certain con-
gruence subgroups of PSL2(Z[i])with coefficients in F2. Figueiredo studied [54, 53]
Serre’s modularity conjecture over the imaginary quadratic fields with d = 1,2,3.
For these fields, he found three representations GK → GL2(F3) which seemed to
be associated to eigenvalue systems in the first homology of suitable congruence
subgroups with coefficients in F3. Figueiredo remarks that the mod 3 eigenvalue
systems that came up in his computations were not reductions of eigenvalue sys-
tems that were captured in the complex homology. See [135] for further examples
of this kind.
Recently in [159], Torrey investigated a strong version of Serre’s modularity con-
jecture over imaginary quadratic fields using the weight recipe of Buzzard, Diamond
and Jarvis [30] which was formulated for the Hilbert modular groups. She studied
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several numerical examples, including those of Figueiredo, from the perspective of
weights.
11.1 Even Mod p Galois Representations
Even though Serre’s modularity conjecture for Q necessarily leaves out the even
representations of GQ, we can talk about the modularity of such representations
using Serre’s modularity conjecture over imaginary quadratic fields as follows.
Start with an irreducible even continuous representation ρ : GQ→GL2(Fp). Let
ρK be its restriction to GK for some imaginary quadratic field K. By Serre’s mod-
ularity conjecture over K, ρK should be associated to an eigenvalue system Ψ oc-
curing in H2(Γ ,V (Fp)) for some suitable congruence subgroup of Γ of GL2(OK)
and some irreducible Fp[GL2(OK/(p))]-module V (Fp). In fact, the module V (Fp)
can be specified using Serre’s original weight recipe, or more generally, using the
Buzzard-Diamond-Jarvis weight recipe, as done by Torrey.
Let us illustrate the above through a concrete example. Consider the polynomial
x8− x7−44x6+43x5+442x4−32x3−1311x2−1156x−241.
Its Galois group is Â4 which has an embedding into GL2(Z[ζ3]). The arising Artin
representation
ρ : GQ→ GL2(C)
is even and irreducible. Moreover it has Artin conductor 1632.
We restrict ρ to GQ(i) and then reduce the (finite) image mod 163 to get
ρ¯K : GQ(i)→ GL2(F163)
with trivial Serre conductor.
Using the computer programs written by the author to compute the Hecke ac-
tion on the cohomology of the Euclidean Bianchi groups, we found a seemingly
matching eigenvalue systemΨ occuring in the mod 163 cohomology space
H2(GL2(Z[i]),V (F163))
for weights
V 27,2753,53 (F163) and V
135,135
107,107 (F163).
Here
V a,bk,` (F163) := (Vk(κ)⊗κ deta)⊗κ
(
V`(κ)Frob⊗κ detb
)
with κ ' F1632 being the residue field of the prime ideal (163) of Z[i] generated by
163. The group GL2(Z[i]) acts on V a,bk,` via reduction modulo (163).
It turns out, see [134], that Ψ is not the mod 163 reduction of an eigenvalue
system occuring in the complex cohomology space
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H2(GL2(Z[i]),V (C))
for the weights V 27,2753,53 and V
135,135
107,107 .
We conclude the existence of a 163-torsion class which is repsonsible for the
eigenvalue system Ψ . In fact, we verified by direct computation as well that
H2(GL2(Z[i]),V (Z[i])) has 163-torsion for the weights V 135,135107,107 and V
27,27
53,53 . More-
over, we checked that all of the above remain true when we replaceQ(i) by the other
Euclidean imaginary quadratic fields.
We speculate that for any irreducible, even, continuous representation ρ : GQ→
GL2(Fp) and any imaginary quadratic field K, the eigenvalue systemΨ that we will
capture, following the above steps, will not be the reduction of an eigenvalue system
that occurs in the relevant complex cohomology space. To motivate our speculation,
let us assume that ρ , as in our example above, has trivial Serre conductor and that
Ψ is the mod p reduction of an eigenvalue system captured by a level one cuspidal
Bianchi modular form F . Then our discussion before Question 2 suggests that F is
most likely the base change to K of an elliptic newform f . It follows that the odd
representation ρ f : GQ → GL2(Fp) associated to f and our even representation ρ
become isomorphic when restricted to GK . Basic Clifford theory shows that this is
not possible.
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